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Abstract

A mode-based approach is described for the mid-frequency vibration analysis of a complex structure
built-up from a long-wavelength source and a short-wavelength receiver. The source and the receiver
respectively have low and high modal densities and modal overlaps. Each substructure is described in terms
of its uncoupled, free-interface natural modes. The interface forces and displacements are decomposed in
terms of a set of interface basis functions. Enforcing equilibrium and continuity conditions along the
interface hence yields an analytical solution for the vibration response of the built-up structure. Expressions
for the frequency response of the source and the power transmitted to the receiver are found. The
correlations between the modal properties of the source and the receiver along the interface are derived.
These modify the dynamic stiffness matrix of the structure. The flexible receiver is seen to add effective mass
and damping to the source. The modes of the short-wavelength receiver are then described statistically in
terms of a simple standing wave model. This approximation avoids the need for a modal analysis of the
receiver. The results are compared with those of other methods including fuzzy structure theory. Numerical
and experimental examples for beam-stiffened plate models are presented.
r 2005 Elsevier Ltd. All rights reserved.
1. Introduction

Vibrations of complex structures occur in many practical situations, such as in vehicles, aircraft
structures, mechanical equipment, and so on. These structures are usually built-up from
see front matter r 2005 Elsevier Ltd. All rights reserved.
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substructures joined together at their interfaces. The substructures often have quite different
vibration properties due to differences in material and geometric properties, for example.
Consequently the vibrations of the whole structure often involve both long- and short-wavelength
deformations. A number of challenges arise for the dynamic analysis of such built-up structures,
mainly caused by the limitations of low frequency, finite element (FE) modelling [1–3] and high
frequency, statistic energy analysis (SEA) modelling [4–7]. The associated vibration problems are
hence characterised as ‘mid-frequency’ issues [8].

This paper concerns one aspect of the problem, namely the interaction of a long-wavelength
source substructure with a short-wavelength receiver substructure. The source will be referred to
as being ‘stiff’, by which is meant that it typically has a relatively long wavelength, low modal
density and modal overlap, while its properties are well-defined: it is amenable to finite element
analysis (FEA). The receiver, on the other hand, will be referred to as being ‘flexible’. It has a
relatively short wavelength, high modal density and high modal overlap, while its properties might
be uncertainly defined. It is a suitable subsystem in a SEA model. There is therefore a mismatch
between the source and the receiver, both in terms their dynamic properties and in terms of
suitable analysis methods.

A number of specialist methods have been developed to solve such mid-frequency vibration
problems. They include the hybrid FEA and analytical impedance (locally reacting) method
[9,10], the SEA/modal technique in Refs. [11,12] and the fuzzy structure theory [13,14], which is
the limit where the dynamic mismatch is very strong. However, more research is required before
generally accepted methodologies are fully developed for this mid-frequency region.

In this paper the procedure used begins with a free-interface Component Mode Synthesis
(CMS) model of the system [15,16]. Each component is described in terms of its uncoupled, free-
interface modes and coupled using basis functions defined on the interface, similar to the
approach of Refs. [17,18].

Various model reduction methods have been developed to reduce the size of a numerical model
of a system, e.g. the CMS modal couplings in Refs. [15,16], the general objective being to use
solutions of these intermediate problems to allow low-cost predictions of the global response. The
main principle is to decompose the systems into components and perform intermediate
computations at the component level. The well-established CMS models include fixed-interface
modes (usually with constraint modes), free-interface modes (usually with attachment modes),
hybrid-interface modes and loaded interface [15,16,19].

However, these conventional CMS models usually involve nodal degrees of freedom (dofs)
along the interface between two substructures, and hence can lead to very large system models if
the interfaces are continuous. Several approaches have been proposed to reduce the number of the
interface dofs, including the generalized-interface-dofs method [17], the interface-modes methods
[20,21] and the characteristic-constraint-modes (CC-modes) method [22]. In Ref. [17], the
component coupling conditions were treated as generalized kinematic (for displacement) or
natural (for force) boundary conditions. For compatible and incompatible meshes and for nodal
and integral formulations, boundary conditions on discretized models take the form of a finite
number of constraints which can be treated through a direct elimination or the addition of
Lagrange multipliers. The generalizations of the treatment of interface boundary conditions and
component model reduction give a very general framework to analyse a wide range of new and
existing CMS methods. However, it does not eliminate the risk of poor predictions linked to
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locking of incompatible component models. In Refs. [20,21], a truncated basis of interface modes
and the associated generalised coordinates are used in place of the large number of supplementary
static modes in the coupling procedure. The interface modes are defined as the first few
eigenmodes obtained from such a reduced eigenproblem that results by projecting the structure
stiffness and mass matrices on the global constraint modes. This, therefore, raises a main
disadvantage that the substructures are no longer independent as the interface modes depends on
the whole structure. As a result, the methods using interface modes are not significantly more
efficient than the traditional CMS methods for some cases, e.g. for a single computation of the
frequencies and modes. In Ref. [22], the CC modes were obtained by performing an eigenanalysis
of the partitions of the CMS mass and stiffness matrices that corresponding to the
Craig–Bampton constraint modes. When the CC modes are truncated, a CMS model with a
highly reduced number of dofs may be obtained. The calculation and selection of CC modes is
essentially a secondary modal analysis which can possibly be expensive when a very large number
of constraint modes are involved. In addition, the benefits are mostly limited to fixed-interface
CMS models.

In this paper, a mode-based approach is described to analyse the vibration of a built-up system
comprising both long- and short-wavelength components as shown in Fig. 1. A source
substructure is attached to a receiver substructure through arbitrary continuous interfaces. Each
component is described in terms of its uncoupled, free-interface modes. A set of interface basis
functions is defined on the interface between the subsystems, giving associated generalised
interface coordinates. The coupling is then made in the subspace of the interface basis. Emphasis
is put on predicting the frequency response functions (FRFs) of the source when loaded by the
receiver and the power transmitted to the receiver. This can then be used to define the input power
in an SEA model of the receiver. In this paper the receiver substructure is, in the first instance,
assumed to be known exactly. Then it is allowed to have uncertainties in its properties so that its
modal behaviour is approximated statistically. The response of the structure is found and
compared with those of other methods, i.e., the hybrid SEA/modal technique of Refs. [11,12] and
the fuzzy theory of Refs. [13,14]. Finally, the performance of the mode-based approach is
demonstrated by both numerical and experimental examples on beam-stiffened plate models.

This mode-based approach is intended to serve the following two purposes: first, it can
substantially reduce the system degrees of freedom (dofs) so as to reduce the computational cost;
secondly, it has the ability to couple subsystems of different form within the same system model,
Source

Receiver

Interface

Fig. 1. A generic built-up structure.
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the choice being determined by the local dynamic properties of the individual subsystem of
interest.

The paper is organised as follows. In Section 2, modal analysis is briefly reviewed. Section 3
describes the mode-based approach. Approximations for the case of a stiff source and a flexible
receiver are discussed in Section 4, and comparisons to those of Refs. [16–19] are made in Section
5. Sections 6 and 7 present numerical and experimental results.
2. Modal analysis of a continuous structure

In the approach described here predictions are based on the conventional modal analysis of
both the source and the receiver substructures. Modal analysis theory is briefly reviewed in this
section. The details can be found in many other works (e.g. Refs. [1,19]).

For a continuous undamped structure, the general form of the equation of motion is given by

rðxÞ €wðxÞ þ L½wðxÞ� ¼ FðxÞ, (1)

where w is the displacement at a general location x; rðxÞ the mass density, L a differential
(stiffness) operator of order 2p (where p is an integer) and F the applied force.

As a continuous function of position x; the system response wðxÞ can be expressed in terms of a
complete set of orthogonal functions of space under the prescribed natural boundary conditions
of the structure, i.e., the mode shape functions, as

wðxÞ ¼
X

n

wnfnðxÞ, (2)

where fn is the nth mode shape function of the structure and wn is the associated generalized
coordinate. The orthogonality property of fn givesZ

V

rðxÞfT
n ðxÞfn0 ðxÞdx ¼ 0; nan0. (3)

Although theoretically an infinite number of modes are involved in any continuous structure, in
practice the modal sums are usually truncated at a convenient finite number by a criterion of
convergence. Combining Eqs. (1)–(3), the equation governing wn is then given, in a matrix
form, by

M €wn þ Kwn ¼ Fn, (4)

where M and K are, respectively, the mass and stiffness matrices, and Fn is the generalized modal
force vector. The ðn; n0Þth elements of M and K are, respectively, given by

Mnn0 ¼

Z
V

rðxÞfT
n ðxÞfn0 ðxÞdx, (5)

Knn0 ¼

Z
V

fT
n0 ðxÞL½fnðxÞ�dx. (6)

Since fn satisfies both the partial differential equation (Eq. (1)) with no forcing and Eq. (3), it
can be established that both M and K are diagonal [1,19]. In the context below, the nth diagonal
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elements of M and K are simply represented by Mn and Kn; respectively. The nth element of Fn is
given by

Fn ¼

Z
V

F ðxÞfnðxÞdx. (7)

For time harmonic motion at frequency o; Eq. (4) gives

wn ¼ YnFn, (8)

where Yn is a diagonal matrix, whose nth diagonal element corresponds to the dynamic receptance
of the nth mode of the structure. Let damping be included by assigning a complex value to the
stiffness as Knð1þ jZnÞ; where Zn is the damping loss factor associated with the nth mode of the
structure. Y n is then given by

Y n ¼
1

Mn½o2
nð1þ jZnÞ � o2�

, (9)

where on ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kn=Mn

p
is the nth natural frequency of the structure.

For convenience, fnðxÞ is usually mass-normalized in the form of FnðxÞ such thatZ
V

rðxÞFnðxÞFn0 ðxÞdx ¼ dnn0 , (10)

where d is kronecker function. Mn and Kn then become

Mn ¼ 1; Kn ¼ o2
n. (11,12)

The above procedure is the conventional modal analysis for predicting the dynamic response of
a continuous structure. In what follows, it is combined with an interface decomposition technique
to predict the vibration response of the built-up structure shown in Fig. 1. Emphasis is then placed
on the application where the source and the receiver are modally spare and dense, respectively.
3. Theory of the mode-based approach

In principle, the mode-based approach can be divided into the following steps: (1) both the
source and the receiver substructures are described separately in terms of their uncoupled, free-
interface modes, i.e., the mode shape functions when the individual substructures are separated
from each other; (2) the interface forces and displacements are decomposed into a set of complete
and orthogonal basis functions; (3) the equilibrium and continuity conditions are then enforced in
terms of the interface basis functions. As a result, an analytical solution for dynamic response of
the built-up structure can be determined in a simple manner. Moreover, the modal correlations
and hence the dynamic interactions between the modes of the source and the receiver can be
found. The detailed procedure is given below.

3.1. Modal analysis of the source substructure

The source substructure and its force loadings are shown in Fig. 2, where Feðx
e
sÞ and Fs

I ðx
I
sÞ

represent the external and interface forces acting at the local coordinates xes and xIs of the source,
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Fig. 2. The source sub-structure and its force loadings.
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respectively. By the modal analysis theory described in Section 2, the displacement response ws of
the source at a general location xs; can be written as

wsðxsÞ ¼
X

n

ws;nFs;nðxsÞ, (13)

where ws;n is the nth generalized coordinate of the source, and Fs;n is its nth mass-normalized
unloaded mode shape function, i.e.,Z

Vs

msðxsÞFnðxsÞFn0 ðxsÞdxs ¼ dnn0 (14)

Here ms is the mass distribution of the source substructure. Consequently, ws;n can be written,
similar to Eq. (8), as

ws;n ¼ Y s;nðf e;n þ f s
I ;nÞ, (15)

where Y s;n is the modal receptance of the nth natural mode of the uncoupled source, namely, the
free-interface mode when the source is uncoupled with the receiver, and f e;n and f s

I ;n are,
respectively, the nth modal forces corresponding to Feðx

e
sÞ and Fs

I ðx
I
sÞ: These terms are given by

Y s;n ¼
1

o2
s;nð1þ jZs;nÞ � o2

, (16)

f e;n ¼

Z
Ve

s

Feðx
e
sÞFs;nðx

e
sÞdx

e
s , (17)

f s
I ;n ¼

Z
VI

s

Fs
I ðx

I
sÞFs;nðx

I
sÞdx

I
s. (18)

Here os;n is the nth natural frequency of the uncoupled source (called the free-interface natural
frequency), and Ve

s and VI
s are, respectively, the region of the source over which the external and

interface force loadings act. When a set of truncated mode shapes are used, Eq. (15) can then be
written in matrix form as

ws;n ¼ Ys;nðfe;n þ fsI;nÞ, (19)
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where ws;n; fe;n and fsI;n are column vectors composed of ws;n; f e;n and f s
I ;n; respectively, while Ys;n is

a diagonal matrix whose nth diagonal element is Y s;n: Substituting Eq. (15) into Eq. (13), the
dynamic response of the source substructure can then be expressed in terms of its uncoupled,
free-interface modes.

3.2. Modal analysis of the receiver substructure

The same analytical procedure can be applied to the receiver substructure shown in Fig. 3,
where Fr

I ðx
I
rÞ is the interface force applied at the local coordinate xIr:

Let the displacement wr at a general location xr of the receiver be expressed as

wrðxrÞ ¼
X

m

wr;mCr;mðxrÞ, (20)

where wr;m is the mth generalized coordinate of the receiver, and Cr;m is the mth uncoupled,
free-interface mode in form ofZ

Vr

mrðxrÞCr;mðxrÞCr;m0 ðxrÞdxr ¼ dmm0 . (21)

Here mr is the mass distribution of the receiver. Following the same lines as in Section 3.1, the
modal amplitudes of the receiver can be written as

wr;m ¼ Yr;mf
r
I;m, (22)

where the subscript r denotes the receiver and the symbols have the same meaning as those given
in Eq. (19). They are determined by

Y r;m ¼
1

o2
r;mð1þ jZr;mÞ � o2

, (23)

f r
I ;m ¼

Z
VI

r

Fr
I ðx

I
rÞCr;mðx

I
rÞdx

I
r, (24)

where or;m is the mth free-interface natural frequency of the receiver and VI
r represents the region

of the receiver occupied by the interface.
r
IF I

rx

R

Fig. 3. The receiver sub-structure and its force loadings.
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3.3. Decomposition of interface forces and displacements

Let xI be the local coordinates of the interface, and FI ðxIÞ and wI ðxIÞ be, respectively, the
interface forces and displacements. Now FI ðxIÞ and wI ðxIÞ are decomposed in terms of a set of
complete, orthonormal basis functions, X kðxIÞ; as

FI ðxIÞ ¼
X

k

f I ;kX I ;kðxIÞ, (25)

wI ðxIÞ ¼
X

k

wI ;kX I ;kðxIÞ, (26)

where f I ;k is the kth generalized interface force, wI ;k is kth generalized interface coordinate, and
since X kðxIÞ is orthonormal, it exists thatZ

VI

X I ;kðxIÞX I ;k0 ðxIÞdxI ¼ dkk0 . (27)

From Eqs. (26) and (27), it is seen that the physical coupling dofs of the built-up structure have
been transformed into generalized coupling dofs. Such approaches can reduce the number of
coupling dofs involved in the calculation if a suitable set of basis functions is selected and
truncated. Similar techniques have been described elsewhere, e.g., in Refs. [17,18].
3.4. Dynamic response of the built-up structure

Now truncate the set of basis functions to a convenient finite number. The force equilibrium
and displacement compatibility conditions can then be enforced approximately, at least, along the
interface in a simple manner.

The equilibrium and continuity conditions at the interface give

FI ðxIÞ ¼ �Fs
I ðx

s
IÞ ¼ Fr

I ðx
r
IÞ, (28)

wI ðxIÞ ¼ wsðx
s
IÞ ¼ wrðx

r
IÞ. (29)

The local coordinates xIs; x
I
r and xI can often be related by transformation matrices Ts and Tr

[2,3,15,16] as

xIs ¼ TsxI; xIr ¼ TrxI. (30,31)

Ts and Tr are both orthogonal so that TT
s ¼ T�1

s and TT
r ¼ T�1

r :
Combining Eqs. (18), (25) and (28), it yields,

f s
I ;n ¼ �

X
k

f I ;k

Z
VI

s

Fs;nðx
I
sÞX I ;kðxIÞdx

I
s. (32)

For truncated sets of source modes and interface basis functions, Eq. (32) can be expressed in a
matrix form as

fsI;n ¼ �asfI;k, (33)
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where fI;k is a column vector of f I ;k; and as is a n 	 k matrix, given by

as;nk ¼

Z
VI

s

Fs;nðx
I
sÞX I ;kðxIÞdx

I
s. (34)

It is seen that as can be regarded as a modal correlation matrix in that its ðn; kÞth term indicates
the correlation between the source mode Fs;n and the interface basis function X I ;k along the
interface. Eq. (19) then becomes

ws;n ¼ Ys;nðfe;n � asfI;kÞ. (35)

Similarly, for the receiver, combining Eqs. (24), (25) and (28), it gives

frI;m ¼ arfI;k, (36)

where ar is a m 	 k matrix representing the modal correlations between the receiver modes and the
interface basis functions, given by

ar;mk ¼

Z
V I

r

Cr;mðx
I
rÞX I ;kðxIÞdx

I
r. (37)

Eq. (22) then becomes

wr;m ¼ Yr;marfI;k. (38)

Continuity of displacements along the interface (Eqs. (13), (15), (20) and (29)) givesX
n

ws;nFs;nðx
I
sÞ ¼

X
m

wr;mCr;mðx
I
rÞ ¼

X
k

wI ;kX I ;kðxIÞ. (39)

Each side of Eq. (39) is multiplied by X I ;kðxIÞ and integrated along the interface VI : From the
orthogonality condition of Eq. (27), it follows that

bsws;n ¼ brwr;m ¼ wI;k, (40)

where bs is a k 	 n matrix and br is a k 	 m matrix given by

bs;kn ¼

Z
VI

X I ;kðxIÞFs;nðx
I
sÞdxI, (41)

br;km ¼

Z
VI

X I ;kðxIÞCr;mðx
I
rÞdxI. (42)

Comparing Eqs. (41) and (42) with Eqs. (34) and (37), it is seen that

as ¼ bT
s ; ar ¼ bT

r . (43,44)

Combining Eqs. (35), (38), (40) and (43)–(44), the interface forces and displacements in terms of
generalized interface coordinates can be determined by

fI;k ¼ ½As þ Ar�
�1aT

s Ys;nfe;n, (45)

wI;k ¼ Ar½As þ Ar�
�1aT

s Ys;nfe;n, (46)
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where

As ¼ aT
s Ys;nas; Ar ¼ aT

r Yr;mar. (47,48)

Physically, As and Ar provide the dynamic correlations between the source modes, the receiver
modes and the interface basis functions. The ðk; k0

Þth entries of As and Ar can be respectively
calculated as

As;kk0 ¼
X

n

as;knas;k0nY s;n, (49)

Ar;kk0 ¼
X

m

ar;kmar;k0mY r;m. (50)

The ðk; k0
Þth element of As hence represents how the free-interface modal properties of the source

collectively affect the coupling between the kth and k0th interface basis functions. Combining Eqs.
(35) and (45), the modal amplitudes of the source can then be determined by

ws;n ¼ Ys;n½I� asðAs þ ArÞ
�1aT

s Ys;n�fe;n. (51)

Eq. (51) indicates that the modes of the source become coupled after the source substructure is
connected with the receiver, and so are the modes of the receiver. Meanwhile, it implies that the
loads applied by the receiver substructure have the effect of a dynamic modification to the modal
properties of the source substructure.

Finally, the time-averaged power transmission from the source to the receiver can be expressed
as

Ptr ¼
1

2
Re

Z
VI

½FI ðxIÞ�

jowI ðxIÞdxI

� �
¼

1

2
Re jo

X
k

wI ;kf 

I ;k

( )
. (52)

One key issue of the approach proposed here is how to select the set of interface basis functions
appropriately. Theoretically, the set of basis functions can be arbitrary, provided it is complete
and orthogonal. In practice, given that the set of basis functions is truncated to a finite number,
the choice should meet criteria of convenience, simplicity and accuracy, and should depend on the
local dynamic properties of the source and receiver structures, as well as the coupling conditions
between them. For example, when a stiff source structure is wholly attached to a large flexible
receiver, which is the case in the beam/plate example considered later, the choice of the mode
shape functions of the source, being a set of complete and orthogonal functions, is obviously a
proper one. Other forms of basis functions may be also appropriate. For example, sinusoidal basis
functions (i.e., space harmonic) might be a good choice: they are orthogonal, and might couple
well into a wave interpretation of the flexible receiver, with the higher-order functions
contributing little to the transmitted power.

3.4.1. A special case: a simple form of coupling
It is interesting to consider a special case when the source and the receiver free-interface mode

shapes have the same spatial variations along the interface region and form a complete,
orthogonal set, such that

X I ;kðxIÞ ¼ Fs;kðx
I
sÞ ¼ Cr;kðx

I
rÞ. (53)
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In this case, Eqs. (34) and (37) give

as ¼ ar ¼ I. (54)

The generalized interface forces and displacements can then be written as

f I ;n ¼
Y s;n

Y s;n þ Y r;n
f e;n, (55)

wI ;n ¼
Y s;nY r;n

Y s;n þ Y r;n
f e;n. (56)

Eqs. (55) and (56) imply that for each substructure, its vibration modes remain uncoupled after
the substructures are connected with each other. Furthermore, the dynamic stiffness at the
interface is merely the sum of the modal dynamic stiffnesses of the two substructures. In this sense,
Eq. (53) can be regarded as the simplest form of coupling between a source and a receiver. Further
analysis for this special coupling case can be found in Ref. [8].

3.5. The dynamic interactions between a stiff source and a flexible receiver

Eq. (51) gives the dynamic response of the source substructure when the dynamic contributions
arising from the presence of the receiver are included. In this subsection the dynamic effects of a
flexible receiver on a stiff source are considered, this being relevant to many practical built-up
structures.

3.5.1. The modified dynamic modal stiffness matrix
Let n ¼ k so that as is a square matrix. Eq. (51) can then be written as

ws;n ¼ Ys;n½I� ðYs;n þ YI
rsÞ

�1Ys;n�fe;n ¼ ½Y�1
s;n þ ðYI

rsÞ
�1
��1fe;n, (57)

where YI
rs is given by

YI
rs ¼ ðara

�1
s Þ

TYr;mðara
�1
s Þ. (58)

It is seen from Eq. (57) that YI
rs has the same units as the receiver modal receptance matrix Yr;m:

While Y�1
s;n is the dynamic modal stiffness matrix of the source before it is coupled with the

receiver, Y�1
s;n þ ðYI

rsÞ
�1 is the one after the source is coupled with the receiver. Therefore ðYI

rsÞ
�1 is

in effect a representative of the dynamic stiffness modification matrix induced to the source
substructure by the presence of the receiver. Consequently the ðn; nÞth diagonal element of ðYI

rsÞ
�1

may be regarded as the direct modification to the nth mode of the source, i.e., through the
couplings between the nth source mode and the receiver modes across the interface, whereas the
ðn; n0Þth element (where nan0) is the indirect modification to the nth mode of the source, i.e.,
through the couplings between n0th source mode and the receiver modes.

A perturbation relation can be developed from Eq. (57) by letting

Y ¼ Ys;n þ YI
rs. (59)

Eq. (59) can then be expressed in the form of perturbation as

Y ¼ diag½Y�fIþ ðdiag½Y�Þ�1d½Y�g, (60)
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where diag½Y� is a diagonal matrix comprising the diagonal elements of Y while d½Y� is a full
matrix comprising the off-diagonal elements of Y; i.e., the ‘perturbation’ of Y: Y�1 can thus be
simply calculated by using a power-series expansion [23–25], assuming such an expression
converges.

Generally, the vibration of the source structure tends to be less affected by the receiver
substructure as the flexibility of the receiver increases. Therefore, it is reasonable to suppose that
the coupling between the modes of the source is generally not very strong when the attached
receiver substructure is relatively very flexible. Consequently one may assume that ðYI

rsÞ
�1 is

diagonally dominant for a stiff source and flexible receiver. Under such circumstances, the dynamic
response of the source (Eq. (57)) can be simply approximated from the diagonal elements only, as

ws;n 
Y s;n

1þ Y s;n=Y I
rs;n

f e;n, (61)

where Y I
rs;n is the nth diagonal element of YI

rs; given by

Y I
rs;n ¼

X
m

a2nmY r;m. (62)

Here anm is the ðn;mÞth element of matrix ara�1
s : Eq. (61) indicates that under these circumstances,

the perturbation matrix d½Y� can be approximated as being zero.

3.5.2. Effective mass and effective loss factor

From Eq. (61), the dynamic modifications to a stiff source, arising from the presence of a very
flexible receiver, can then be regarded as some effective mass and loss factor added to each mode
of the source. Let Eq. (62) be re-expressed as

Y I
rs;n ¼ �p0n1 � jp0

n2, (63)

where both p0n1 and p0n2 are real. Combining Eqs. (23), (60), (62)–(63), it follows that

p0n1 ¼
X

m

a2nmðo
2 � o2

r;mÞ

ðo2
r;m � o2Þ

2
þ ðo2

r;mZr;mÞ
2
, (64)

p0n2 ¼
X

m

a2nmo
2
r;mZr;m

ðo2
r;m � o2Þ

2
þ ðo2

r;mZr;mÞ
2
. (65)

Substituting Eqs. (16), (63)–(65) into Eq. (61), gives

ws;n 
1

o2
s;n½1þ jðZs;n þ ZnÞ� � ð1þ mnÞo2

f e;n, (66)

where

mn ¼
1

o2

p0
n1

p02
n1 þ p02n2

; Zn ¼
1

o2
s;n

p0n2
p02

n1 þ p02n2
. (67,68)

The dynamic modifications to the source by the receiver can then be interpreted as an effective
loss factor Zn and an effective non-dimensional mass mn being added to each mode of the source.
Eq. (64) shows that mn can be either positive or negative, depending on the relation between o and
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or;m: when ooor;m (e.g. the mass-controlled region of the receiver), mn is positive and the receiver
adds mass to the source modes; else when o4or;m (stiffness-controlled region), p0

n1 is negative and
the receiver adds stiffness to the source.

Note that these induced mass and loss factor are frequency-dependent quantities in this
interpretation. As far as the response of the source is concerned, only the influences of mn and Zn at
o  os;n are really important since the mass and damping effects are only important at the resonances.
4. Approximation of the receiving structure

The above procedure requires that both the source and the receiver substructures are defined
precisely, i.e., in terms of their uncoupled, free-interface modes. However, as frequency increases,
it becomes increasingly difficult, or even impossible, to give such a deterministic description for
very flexible substructures due to the large number of modes involved and uncertainties in the
geometric and material properties or the boundary conditions. It is desirable, therefore, to
accommodate substructures whose dynamic properties are not known exactly.

4.1. Approximation of a short-wavelength structure

A short-wavelength structure tends to have relatively high mode count and modal overlap.
Two main issues, concerning its modal analysis, arise [1,11,12]: first, the computational cost
of full FEA is generally prohibitive, due to the large number of dof that may be required;
and secondly, the system response becomes increasingly sensitive to geometrical imperfections
as the wavelength of the response decreases so that even a highly detailed deterministic
mathematical model based on the nominal system properties may not yield a reliable response
prediction.

It is known from Ref. [1] that at frequencies higher compared with the fundamental natural
frequency, then, as the modal overlap increases, the vibration response tends to be less sensitive to
the detailed boundary conditions, size and shape of a structure, especially for points remote from
the boundaries. Under such circumstances, the response of a uniform, wave-bearing substructure
can be regarded as a sum of propagating waves which are spatially sinusoidal in nature.
Consequently the response can locally be written as the superposition of a set of sinusoidal
functions. In this case, therefore, instead of an exact description, the short-wavelength structure
can be approximated in an asymptotic (or statistical) way, e.g. as a simple standing wave model
with the modal density of the substructure giving an indication of the number of natural
frequencies in a frequency band. Close to a boundary, where evanescent waves may exist, or
where secular effects can persist over a wide frequency range, there are other problems associated
with correlations of the mode shapes of successive modes [26]. However, these are separate issues
and will not be discussed here.

4.2. Response approximation of a stiff source/flexible receiver system

In the built-up structure shown in Fig. 1, the source substructure is assumed to be well-defined
with a low mode-count and long wavelength, while the receiver substructure is relatively much
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more flexible with a high mode-count and short wavelength. Given a statistical approximation of
the flexible receiver, the mode-based approach can then be used to estimate the broad features of
the vibration response of the structure in a simple manner. These features include deterministic
detail from the source but only statistical information (e.g. modal density) of the receiver.

When the receiver is approximated by a simple standing wave system, the modes can be
estimated based on the wavenumber and the modal density of the substructure especially in a
frequency average sense. Given a wavenumber k, the mode shape of a particular mode of the
receiver, in this standing wave approximation, is proportional to

C0
r;mðxrÞ�

Y
k

sinðkkxr;k þ yr;kÞ, (69)

where k is the number of the dimensions of the receiver structure (e.g. k ¼ 2 for a plate and k ¼ 3
for a volume), where

P
k k2

k ¼ k2; and yr;k are the phase angles of the associated components. The
exact value of yr;k tends to be of less importance as the wavelength of the receiver decreases. At
high frequencies, yr;k can be assumed to be random [27].

For a plate-like receiver structure, for example, its modes may be estimated as

C0
r;mðxrÞ 

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
mrðxrÞ

p Y
k

ffiffiffiffiffiffiffiffi
2

Lr;k

s
sin

mkpxr;k

Lr;k
þ yr;k

� 
, (70)

where k ¼ 2; and mrðxrÞ is the mass distribution of the receiver at a general location xr:
Consequently, the mth natural frequency is approximated by

o0
r;m 

X
k

ffiffiffiffiffiffi
Dr

mr

r
mkp
Lr;k

� 2

, (71)

where Dr corresponds to the stiffness of the receiver. Strictly, all the above parameters should be
defined statistically, and the response estimated by ensemble averaging. In practice, at higher
frequencies where the modal overlap is high, this approach is not required.

Such a statistical receiver model can then be easily incorporated into the mode-based procedure
to estimate both the dynamic response of the source and the power transmitted to the receiver.
Provided a sufficient number of assumed receiver modes is involved, the receiver modal overlap is
large enough, and the interfaces are located far enough from the boundaries, the results can quite
accurately represent the broad features of the vibration response of the coupled system, especially
in a frequency average sense.

4.3. The mean-square response approximation of the receiver

From the power transmitted to the receiver, the total energy level of the receiver, when time and
frequency averaged, can then be estimated from conservation of energy [1] as

Er ¼
Ptr

Zro
. (72)

In the above equation it is assumed [1,4,5] that (1) the kinetic energy and the potential energy,
when time averaged, are equal; (2) a sufficient number of modes of the receiver subsystem are
resonant within the frequency band of excitation, and (3) the coupling is conservative.
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The mean square velocity response of the receiver averaged over time, frequency and space, is
thus given approximately by

hu2r i ¼
Er

Mr

¼
Ptr

ZroMr

, (73)

where Mr is the total mass of the receiver.
5. Discussion

From the above analysis, it is seen that the mode-based approach can provide either an exact
solution of the built-up structure when the dynamics of both the source and the receiver are
exactly known, or an approximate one by involving a statistical model of the receiver modes,
perhaps by using a standing wave approximation. This procedure is similar to that described in
Refs. [11,12] in that the solution consists of a deterministic model of the long-wavelength (global)
response and a statistical model of the short-wavelength (local) response.

The analysis also reveals that the dynamic interaction between source and receiver can be
regarded as the receiver adding effective mass and damping to the source. These conclusions are in
line with those obtained the hybrid SEA/modal technique [11,12] and fuzzy theory [13,14]. The
detailed comparisons are given below.

5.1. Effective mass and damping induced by a ‘fuzzy-like’ receiver

Suppose that the receiver structure is very much more flexible than the source and has a high
modal overlap such that it behaves as a set of fuzzy attachments to the source. In Ref. [16], the
following approximate relations are taken to hold:

Re
X

m

Y r;m

( )
¼

X
m

o2
r;m � o2

ðo2
r;m � o2Þ

2
þ ðo2

r;mZrÞ
2
 0, (74)

Im
X

m

Y r;m

( )
¼

X
m

�o2
r;mZr

ðo2
r;m � o2Þ

2
þ ðo2

r;mZrÞ
2
 �

pnr

2o
, (75)

where nr is the modal density of the receiver. If it is assumed that the receiver mode shapes over
the interface are independent of their mode orders, at least over the restricted range of resonant
modes [16], the term a2nm in Eq. (62) may be approximated by its expectation as

a2n  E½a2nm�. (76)

Substituting Eqs. (74)–(76) into Eqs. (64) and (65), yields

p0n1  0; p0n2 
pnr

2o
a2n. (77,78)

Consequently Eqs. (67) and (68) give

m0
n  0, (79)
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Z0n 
1

o2
s;n

2

pnr

o
a2n

. (80)

Thus the effect of the very flexible, fuzzy-like receiver is to add damping to each mode of the
source. Also the induced effective damping is independent of the internal damping of the receiver
substructure.

The same conclusions can also be arrived at by a procedure similar to that used in Ref. [13]. The
natural frequencies of a fuzzy receiver are closely spaced such that two adjacent natural
frequencies lie well within each other’s noise bandwidth such that

or;mþ1 � or;m5
p
2
Zror;m. (81)

Here the noise-bandwidth pZror;m=2 is used instead of the half-power bandwidth Zror;m used in
Ref. [13]. This is because, when frequency averaged, it is the noise bandwidth that determines the
response. In this case, Eqs. (64) and (65) yield the following approximations

p0
n1  0; p0

n2 
X

m

a2nm

o2
r;mZr

. (82,83)

By combining with Eq. (76), Eq. (82) can be written as

p0
n2  a2n

X
m

1

o2
r;mZr

 a2nNrðoÞE
1

o2
r;mZr

" #
, (84)

where NrðoÞ is the number of modes of the receiver resonating within the frequency range of
o� poZ=4; and E½1=o2

r;mZr� represents the mean value of 1=o2
r;mZr within that band. When the

modal density of the receiver nr varies little over the narrow frequency band, NrðoÞ is given
approximately by

NrðoÞ 
Z oþpZro=4

o�pZro=4
nr do 

p
2
Zronr. (85)

Let E½1=o2
r;mZr� be approximated by

E
1

o2
r;mZr

" #


1

Zro2
. (86)

Eq. (84) then becomes

p0
n2 

pnr

2o
a2n. (87)

It is seen that Eqs. (82) and (87), which follow from fuzzy structure theory, are the same as
those reached by the current approach in Eqs. (77)–(78) in the ‘fuzzy’ limit. Consequently, the
same approximations for the effective damping and mass can be made as given in Eqs. (79) and
(80), though different approximations are involved. However, this may raise an issue on how to
estimate a2n (Eq. (76)) appropriately.
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6. Numerical examples

In this section numerical examples are presented for the beam-stiffened plate model
shown in Fig. 4. The beam and the plate have a large dynamic mismatch. The system material
is perspex with a Young’s modulus of 4:4	 109 N=m2; a density of 1152 kg/m3, a material loss
factor of 0.05 and a Poisson’s ratio of 0.38. Both the beam and the rectangular plate are
simply supported. The beam dimensions are 2m long, 0.059m wide and 0.068m high.
The plate dimensions are 2m long (in the x-direction), 0.9m wide (in the y-direction) and
0.005m thick. In this case, the wavenumber ratio between the plate and the beam is kp=kb ¼ 3:5:
The interface locations are defined as: x1 ¼ 0:03m; y1 ¼ 0:3m and y ¼ 101: The beam is excited by
a point force applied at x ¼ 0:73m: It is assumed that there are only translational couplings within
the system.

Predictions are made first on the input mobility of the beam at the driving point when the beam
is not joined to the plate by the conventional modal analysis procedure, and then on the input
mobility of the beam and the power transmitted to the plate when the beam is coupled to the plate
by the mode-based approach. Results are compared to those obtained by using the FRF-based
sub-structuring method. (In the FRF method, input and transfer FRFs for both beam and plate
are calculated as a sum of modal contributions. These result in large FRF matrices for continuous
interfaces. Equilibrium and continuity boundary conditions are then applied at the discrete
coupling points along the interface. The method is exact except for the approximation of the
continuous line of coupling by many discrete points. Details are given in Ref. [8]). In all the
calculations, the first 20 modes of the beam and the first 2000 modes of the plate are involved. For
the mode-based approach the interface is decomposed into a set of beam modes (i.e., being the set
of interface basis functions), while for the FRF-based method the interface is simulated by
discrete point couplings spaced no more than a quarter wavelength of the plate apart [8]. For
example, at 1000Hz, the plate wavelength is about 0.138m so that at least 58 coupling points are
required at this frequency.

The results are shown in Figs. 5 and 6. The mode-based and the FRF-based sub-structuring
methods provide almost exactly the same results, but the computational cost of the former is only
about 3% of that of the latter. The reason is that the number of interface dofs has been
substantially reduced. For example, the number of dofs in the FRF-based method, which depends
on the plate wavelength, requires at least 58 coupling dofs at 1000Hz, while the mode-based
approach only uses 20, the number of beam modes retained. This advantage becomes more
significant as frequency increases because the plate wavelength decreases.
wr(x,y)
y

x

F0�(r −�) 

y2

y1

x2x1

 

ws(r)
�
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Fig. 4. The beam-stiffened plate.
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Figs. 5 and 6 also show the results of the beam-stiffened plate model when either the plate is
rotated such that the attachment angle y is changed from 101 to 151, or the beam is attached to a
larger plate of dimension 2.5m	 1.2m. It is seen that for both cases, the main ‘peaks’ and
‘troughs’ of the response curves are largely controlled by the modal properties of the source beam.
Only the small ‘wrinkles’ appearing in the response curves are sensitive to the dynamics of the
plate receiver. These indicate that, as expected, the exact properties of the flexible receiver
regarding boundary conditions, size and shape, are not important for estimating the broad
features of the coupled response of the system.

Figs. 7 and 8 show the effective loss factor and mass induced to the first three modes of the
beam by the plate, expressions being given in Eqs. (67) and (68). Two general trends can be seen:
(1) the lower the order of the beam modes, the greater is the effective mass/damping added; (2) the
effective damping for a given mode increases as frequency increases whereas the effective mass
decreases with frequency. Therefore, as the wavelength of the plate gets shorter, its influence on
the beam is mainly one of adding damping. The positions of the peaks of the effective mass and
loss factor are determined by the modal properties of the plate, the coupling position on the plate
and the mode shape functions of the beam. As the modal overlap of the plate increases, however,
these peaks tend to smear out. In the case of infinite plate receiver, the effective mass and damping
become smooth curves [8].

Fig. 8 also shows the results when the material loss factor of the plate itself is increased from
0.05 to 0.08. It is clear that the induced damping tends to be independent of the internal damping
of the plate. This observation indicates that when the plate is very flexible and has high modal
overlap, e.g., behaves like a set of fuzzy attachments to the beam, the effective loss factor can be
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Fig. 7. Dimensionless effective mass induced to the first three modes of the beam by Eq. (73): (——, first; ——, second;
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reasonably treated as independent of the internal damping of the plate. Since the mass and
damping effects are really only important at the beam resonances, it is suggested that one needs
only consider the effects of mn and Zn at o  ob;n in practice. Figs. 7 and 8 give the corresponding
effective mass and damping results at the first eight natural frequencies of the beam.
7. Experimental investigations

Measurements were made on a freely suspended beam-stiffened plate. Both the beam and the
plate are made of aluminium with a Young’s modulus of 7:1	 109 N=m2; a density of 2700 kg/m3

and a Poisson’s ratio of 0.33. The beam and plate dimensions are respectively 598	 12	 12mm3

and 700	 500	 1mm3; giving a wavenumber ratio of kp=kb ¼ 3:4: The coupling locations lie
along a line joining ðx1; y1Þ ¼ ð46; 319Þmm and ðx2; y2Þ ¼ ð618; 137Þmm: Patches of constrained
layer damping treatment were attached to the plate to increase its loss factor. Here Zp was
estimated experimentally as 0.03 [8]. A random point force was applied to the beam at x ¼

250mm: The point mobility of the beam and the surface velocity of the plate were measured
directly. The power transmitted to the plate was then indirectly estimated by Ptr  ZpoMphu2pi
(Eq. (78)). This was done by measuring the velocity at many points on the plate and then
estimating the spatially averaged mean square velocity.

The measured results are compared in Figs. 9 and 10 to those predicted for a free–free beam
and a simple standing wave plate model. Further details can be found in Ref. [8]. It is seen that the
agreement is generally good in the higher-frequency range but in the lower-frequency range



ARTICLE IN PRESS

0 200 400 600 800 1000 1200 1400 1600 1800 2000
-75

-70

-65

-60

-55

-50

-45

-40

-35

-30

-25

Frequency (Hz)

M
ob

ili
ty

 (
dB

 r
e:

 1
m

/s
/N

)

Fig. 9. Point mobility of the experimental beam model at the driving point (——, measured; .......... approximated by

assuming a simple standing wave plate model).

0 200 400 600 800 1000 1200 1400 1600 1800 2000
-45

-40

-35

-30

-25

-20

Frequency (Hz)

P
ow

er
 (

dB
 r

e:
 1

W
)

Fig. 10. Power transmitted to the experimental plate model (——, ‘indirectly measured’; .......... approximated by

assuming a simple standing wave plate model).

L. Ji et al. / Journal of Sound and Vibration 289 (2006) 148–170168



ARTICLE IN PRESS

L. Ji et al. / Journal of Sound and Vibration 289 (2006) 148–170 169
relatively large errors occur. This is because of the effects of the boundary conditions and the
relatively long wavelength at low frequencies. As frequency increases, the plate modal overlap
increases. The simple standing wave model becomes a more accurate representative of the
behaviour of the system.
8. Concluding remarks

In this paper a mode-based approach for a system built-up from a long-wavelength source and
a short-wavelength receiver was presented. In summary the steps are as follows:
(1)
 The source and the receiver substructures are described in terms of their uncoupled, free-
interface modes.
(2)
 The interface force distribution between the source and the receiver is decomposed into a
complete set of orthogonal interface basis functions.
(3)
 Equilibrium and continuity conditions at the interface are enforced in terms of the generalized
interface coordinates.
(4)
 The response of the built-up structure and the power transmission within the system is then
determined. The effect of the receiver is to load the source with a modal dynamic stiffness
matrix. Expressions are derived for the effective mass and effective loss factor induced to each
mode of the source.
(5)
 The mode-based approach is able to accommodate statistical models for the modes of the
receiver. In particular, a standing wave approximation was described.
(6)
 The mode-based approach can be further extended to more general cases, where more than
one type of wave motion may be involved, for example.
Comparisons were made with other methods, e.g., the hybrid SEA/modal technique in Refs.
[11,12] and fuzzy structure theory in Refs. [13,14] when the built-up structure of interest is
assumed to have a large dynamic mismatch. It was found that these approaches yield the same
results in the ‘fuzzy’ limit.

Although the built-up structure considered only involves a stiff source and a flexible receiver,
this mode-based approach can be further extended to structures comprising a number of
substructures.
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